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TAMAGAWA NUMBER DIVISIBILITY OF CENTRAL L-VALUES
OF TWISTS OF THE FERMAT ELLIPTIC CURVE
YUKAKO KEZUKA
Abstract. Given any integer N > 1 prime to 3, we denote by CN the elliptic
curve x3 + y3 = N . We first study the 3-adic valuation of the algebraic part
of the value of the Hasse–Weil L-function L(CN , s) of CN over Q at s = 1,
and we exhibit a relation between the 3-part of its Tate–Shafarevich group and
the number of distinct prime divisors of N which are inert in the imaginary
quadratic field K = Q(
√−3). In the case where L(CN , 1) 6= 0 and N is a
product of split primes in K, we show that the order of the Tate–Shafarevich
group as predicted by the conjecture of Birch and Swinnerton-Dyer is a perfect
square.
1. Introduction and main results
The study of elliptic curves dates back at least to the 17th century when Fermat
proved that there is no right-angled triangle whose side lengths are integers and
whose area is a perfect square. Much of the arithmetic of elliptic curves remains
mysterious and has been one of the main focuses of number theory in the past
century. This is highlighted by the remarkable conjecture of Birch and Swinnerton-
Dyer, which was developed with the help of numerical calculations [1]. Given an
elliptic curve E defined over a number field F , the conjecture relates the behaviour
of its Hasse–Weil L-function L(E/F, s) (in the complex variable s, convergent in the
half plane Re(s) > 32 ) at s = 1 to the order of its Tate–Shafarevich group X(E/F )
(not known to be finite in general). The Tate–Shafarevich group is defined by
X(E/F ) = ker
(
H1(F,E(F ))→
∏
v
H1(Fv, E(F v))
)
,
where v runs over all valuations of F , thus its order measures the failure of the
local-to-global principle for E/F . Thankfully, in the two cases when:
(1) EndF (E) 6= Z, or
(2) E is defined over Q,
we now know that L(E/F, s) has analytic continuation to the whole complex plane
and satisfies a functional equation relating its value at s with its value at 2− s. In
particular, L(E/F, s) is known to be defined at s = 1 in these cases, and its value is
called the central value. Case (1) follows from a theorem of Deuring, which allows us
to identify L(E/F, s) with a product of Hecke L-functions with Grossencharacter,
whereas case (2) is a consequence of the modularity theorem. If an elliptic curve
E/F satisfies (1), we say that E has complex multiplication. In this case, we have
a canonical injection
K = Q ⊗Z EndF (E) →֒ F
given by the action of EndF (E) on the space of holomorphic F -differentials on E,
and we also know that K is an imaginary quadratic field. Suppose in addition
that L(E/F, 1) 6= 0. Iwasawa theory is an extremely powerful tool in studying,
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for a prime number p, the p-part of the Birch–Swinnerton-Dyer conjecture, which
predicts the order of the p-primary subgroup X(E/F )(p) of X(E/F ). If F = K,
Rubin used Iwasawa theory to show in [15] that the p-part of the Birch–Swinnerton-
Dyer conjecture holds for E for all p not dividing the order of the group of roots
of unity in K. In a forthcoming paper with J. Coates, Y. Li and Y. Tian, we shall
show, using Iwasawa theory, the p-part of the Birch–Swinnerton-Dyer conjecture
for a family of elliptic curves E/F where F is the Hilbert class field of K (in which
2 splits) for any prime p which splits in K. This paper, however, will only deal
with elliptic curves with complex multiplication defined over Q, and henceforth we
will omit F from the notation.
Iwasawa theory emerged as a study of the growth of of arithmetic objects in tow-
ers of field extensions which are unramified outside of p. We will take an alternative
standpoint in this paper, and investigate the “horizontal” growth of arithmetic ob-
jects as the number of ramified primes grows, while keeping the degree of the field
extensions fixed. Let N > 1 be a cube-free integer prime to 3, and let 3
√
N denote
the real cube root. We will study a family of twists of the Fermat elliptic curve
X3 + Y 3 = Z3 by the cubic extension Q( 3
√
N)/Q whose equation in terms of the
affine plane is given by
CN : x
3 + y3 = N.
They have complex multiplication by the ring of integers O of the imaginary
quadratic field K = Q(
√−3). In the case when N = 2pi with i ∈ {0, 1} and
p ≡ 2, 5 mod 9, an odd prime number, the 3-part of the Birch–Swinnerton-Dyer
conjecture has recently been established in joint work with Y. Li [9]. This was
achieved by expressing Hecke L-functions in terms of Eisenstein series, studying con-
gruences between L-values to obtain the “explicit modulo 3 Birch–Swinnerton-Dyer
conjecture”, and combining with a result of Cai–Shu–Tian [3] which uses an explicit
Gross–Zagier formula. In [9], we also related the 2-part of the Tate–Shafarevich
group X(C2pi)[2] of C2pi over Q to the 2-part of the ideal class group Cl(L)[2] of
L = Q( 3
√
p), following the descent argument of C. Li [11]. This was used to find
examples of elliptic curves of the form C2pi with rank 1 and non-trivial X(C2pi)[2].
In particular, it became apparent that the 2-part of the Birch–Swinnerton-Dyer
conjecture is much deeper in nature for these curves, coming from the fact that
X(C2pi)[2] is not necessarily trivial.
In this paper, we will study the 2-adic and 3-adic valuation of the algebraic part
L(alg)(CN , 1) ∈ Q of the central L-value when it does not vanish, in the case when
N is divisible by an arbitrary number of distinct primes, split or inert in K. It is
well known that CN (Q)tor is trivial for any cube-free integer N > 2. Furthermore,
we know from the theorem of Rubin [15] that X(CN ) is finite when L(CN , 1) 6= 0.
Thus the p-part of the Birch–Swinnerton-Dyer conjecture predicts the following:
Conjecture 1.1. Let N > 2 a cube-free integer, and assume L(CN , 1) 6= 0. Then
for any prime number p, we have
ordp
(
L(alg)(CN , 1)
)
= ordp (#(X(CN )(p))) + ordp
∏
q bad
cq
 ,
where the product runs over the primes q of bad reduction for CN , and cq =
[CN (Qq) : C
0
N (Qq)] is the Tamagawa factor of CN at q. Here, C
0
N (Qq) denotes
the subgroup of points with non-singular reduction modulo q.
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Remark 1.2. We repeat that the above is known for p > 3 from [15], since the
group of roots of unity µK of K = Q(
√−3) has order 6. Thus it remains to show
this for p = 2 and p = 3.
We will study the following three families of curves separately:
ED : y
2 = x3 − 2433D2
E2D : y
2 = x3 − 33D2
E4D : y
2 = x3 − 2233D2,
where D is a cube-free product of n distinct primes with (D, 6) = 1. We see that
EN has CN as a birationally equivalent form.
In Section 2 of this paper, we will show the following:
Theorem 1.3. Let N > 1 be a cube-free integer with (N, 3) = 1. Let k(N) be the
number of distinct prime factors of N . Then we have
ord3
(
L(alg)(CN , 1)
)
≥
{
k(N) if N is a product of split primes in K
k(N)− 1 otherwise.
Remark 1.4. When N is a product of split primes of the form pO = (π)(π) with π
congruent to 1 modulo 6, a lower bound of k(N)−1 has already been obtained in [12].
This was improved to k(N) + 1 for N a product of “cubic-special” primes, which
occupy density 23 of primes congruent to 1 modulo 27. See [8] for more details.
In this paper, we will follow the methods in [8], which is an adaptation to cubic
twists of C1 : x
3 + y3 = 1 of Zhao’s method [23] for quadratic twists of the curves
y2 = x3 − x.
Remark 1.5. Given a cube-free integer N with (N, 3) = 1, let r(N) and s(N)
be the number of distinct prime factors dividing N which are inert and split in
K, respectively. In particular, we have k(N) = r(N) + s(N). A computation of
Tamagawa numbers of CN (see Lemma A.1) gives
ord3
∏
qbad
cq
 = { s(N) + 1 if N ≡ 1, 8 mod 9
s(N) otherwise.
Let t(N) = 1 if N ≡ ±1 mod 9, t(N) = 0 otherwise. To summarise, Conjecture
1.1 predicts that when L(CN , 1) 6= 0,
(1) X(CN )[3] is non-trivial when r(N) ≥ 2 + t(N).
(2) X(CN )[3] is trivial when r(N) ≤ 1 + t(N) and equality holds in Theorem
1.3.
Furthermore, by a root number computation (see Proposition A.2), we see that the
sign of the global root number ǫ(CN/Q) depends on the parity of r(N) and t(N).
To be more precise, we have
ǫ(CN/Q) = −(−1)t(N)(−1)r(N).
We check in Section 3 that the above prediction is indeed consistent with a bound
given by a 3-descent:
Theorem 1.6. Let CN : x
3 + y3 = N , where N > 1 is a cube-free integer. Then
the 3-part of the Tate–Shafarevich group X(CN )[3] of CN over Q satisfies
ord3 (# (X(CN )[3])) ≥ r(N)− t(N)− 1− rank(CN ),
where r(N) is the number of distinct primes dividing N which are inert in Q(
√−3),
t(N) = 1 if ord3(N) = 0 and N ≡ ±1 mod 9, t(N) = −1 if ord3(N) = 1 and
t(N) = 0 otherwise.
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Note that it is possible to have non-trivial X(CN )[3] when r(N) ≤ 1 + t(N).
When N = 2 · 5 · 1657, for example, we have r(N) = 2 = 1+ t(N) and X(CN )[3] =
(Z/3Z)2. More numerical examples, obtained using Magma [2] and Sage [16], are
listed in Appendix B. This curious relation between X(CN )[3] and the number of
distinct inert prime divisors of N will be studied in more detail in a subsequent
paper.
We next study the invariant
SN = L
(alg)(CN , 1)∏
qbad cq
.
This is defined so that if L(CN , 1) 6= 0, the full Birch–Swinnerton-Dyer conjecture
predicts
SN = #(X(CN ))
for N > 2. Rosu showed in [14] that if N is a cube-free product of split primes, SN
is a perfect square up to a denominator of an even power of 3, and gives a formula
for its value in terms of theta functions. The Tamagawa number divisibility in
Theorem 1.3 gives the following strengthening of [14, Theorem 1.1–Theorem 1.3].
Corollary 1.7. Let N > 2 be a cube-free positive integer with (N, 3) = 1. Then
(1) SN is a perfect square if N is a product of split primes.
(2) 2SN ∈ Z if N ≡ 2, 7 mod 9.
(3) SN ∈ Z otherwise.
Furthermore, we have the trace formula
SN = 1
3
∏
qbad cq
TrK(j(O3N ))/K
(
3
√
N
ΘK(Nω)
ΘK(ω)
)
where ΘK(z) =
∑
a,b∈Z e
2πiz(a2+b2−ab) is the theta function of weight one associated
to K, ω = −1+
√−3
2 is a cube root of unity and K(j(O3N )) is the ring class field of
the order O3N = Z+ 3NO.
When N is a product of split primes, a more detailed description of SN in terms
of theta functions of weight 1/2 can be found in [14, Theorem 1.2].
In Section 4, we study the 2-adic valuation of L(alg)(CN , 1), which readily yields
the following when combined with Theorem 1.3 and the p-part of the Birch–
Swinnerton-Dyer conjecture known for p > 3.
Theorem 1.8. Let N > 2 be a cube-free integer with (N, 3) = 1. Then we have
L(alg)(CN , 1) ∈ Z.
We note that this is already known from [19, Theorem 1] which uses class field
theory and the methods of [1], and Corollary 1.7 even shows that L
(alg)(CN ,1)∏
qbad cq
∈ Z
when N 6≡ 2, 7 mod 9. But we will provide another proof by directly studying the
2-adic valuation, which is expected to be useful in showing the Tamagawa number
divisibility for quadratic or sextic twists of the curve y2 = x3 − 2434. It also gives
an insight into how L(alg)(CN , 1) can be divisible by a large power of 2 in the case
of quadratic or sextic twists.
Finally, if the central L-value does not vanish, we expect that Iwasawa theory can
be used to study the 2-part of the Birch–Swinnerton-Dyer conjecture for the curves
C2pi studied in [9]. This would give us the full Birch–Swinnerton-Dyer conjecture
for C2pi .
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2. The 3-adic valuation of the algebraic part of central L-values
Given a cube-free integer N > 1 with (N, 3), we define an elliptic curve
CN : x
3 + y3 = N.
Then CN has complex multiplication by the ring of integers O of the imaginary
quadratic field K = Q(
√−3). From now on, we will write N = tD where t = 1, 2
or 4 and 2 ∤ D. Suppose D has n distinct prime factors, say p1, . . . , pn. Given any
α = (α1, . . . , αn) ∈ {0, 1, 2}n, we define a cube-free product Dα = pα11 · · · pαnn . If pi
is inert in K, then we have pi ≡ 2 mod 3. If pi splits in K, say piO = pipi, then
pi ≡ 1 mod 3, and we may choose a generator πi of pi so that πi ≡ πi ≡ 1 mod 3O.
We define EtDα by the equations
EDα : y
2 = x3 − 2433D2α
E2Dα : y
2 = x3 − 33D2α(2.1)
E4Dα : y
2 = x3 − 2233D2α.
Note that EtDα is birationally equivalent to CtDα . Furthermore, we may consider
α = (α1, . . . , αn) as an element of (Z/3Z)
n, since EtDα′ and EtDα are isomorphic
overQ if α′ ≡ α mod 3. Let A be the elliptic curve given by the classical Weierstrass
equation
A : y2 = 4x3 − 1,
and let Ω = 3.059908074 . . . denote the real period associated to the differential dxy
on A. We set ΩN =
Ω√
3 3
√
N
, and let LN = ΩNO denote the corresponding period
lattice. In particular, we have Ω1 = 1.766638750 . . . and Ωt =
Ω1
3√t . We define the
algebraic part of L(CN , 1) by
(2.2) L(alg)(CN , 1) =
L(CN , 1)
ΩN
,
which is well known to be a rational number (see, for example, [7]). We write ψN for
the Grossencharacter of CN/K, and fix an embedding K →֒ C. Since CN is defined
over Q, we may identify L(CN , s) with the Hecke L-function L(ψN , s) where ψN
denotes the complex conjugate of ψN (see, for example, [6, Theorem 45]). Given
an integer m, the radical rad(m) of m is the product of distinct primes dividing m.
Then the conductor of ψt divides 3rad(t)O, and the conductor ψtD divides f = (f)
where f = 3rad(tD) (see [19]). Let CtDα,f = ker
(
CtDα
[f ]−−→ CtDα
)
. Then by [6,
Proposition 48], K(CtDα,f) coincides with the ray class field K(f) of K modulo f.
Writing M = f/3 = rad(tD) and µ˜6 for the image of the group of roots of unity in
K under reduction modulo f, we have
(O/MO)× ≃ (O/fO)×/µ˜6
≃ Gal(K(f)/K),
where the first isomorphism will be fixed later, and the second isomorphism is given
by the Artin map. Thus, writing ∆ = rad(D) = p1 · · · pn, the Chinese remainder
theorem gives
Gal(K(f)/K) ≃
{
(O/∆O)× if t = 1
(O/2O)× × (O/∆O)× otherwise.
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Let S be the set of integral primes in K dividing f . Given any α ∈ (Z/3Z)n,
we denote by LS(ψtDα , s) the (usually imprimitive) Hecke L-function obtained by
omitting the Euler factors at the primes v in S. We will first express the Hecke L-
functions in terms of a sum of Eisenstein series following the results of Goldstein and
Schappacher [7]. Recall that the Kronecker–Eisenstein series in complex variables
z and s is defined, for any complex lattice L and any integer k ≥ 1, by
Hk(z, s,L) =
∑
w∈L
(z + w)k
|z + w|2s ,
where the sum is taken over w in L, except −z if z ∈ L. The series converges in the
half plane Re(s) > 1 + k2 , and it has analytic continuation to the whole complex
s-plane (see [7, Theorem 1.1]). The non-holomorphic Eisenstein series E∗1 (z,L) is
defined by
E∗1 (z,L) = H1(z, 1,L).
We also recall that for a ∈ K∗ and an ideal b of K coprime to 3a, the cubic residue
symbol
(
a
b
)
3
is defined by the equation
( 3
√
a)τb =
(a
b
)
3
3
√
a,
where τb = (b,K( 3
√
a)/K) denotes the Artin symbol of b in Gal(K( 3
√
a)/K). Given
two elements a, b ∈ K∗ with b coprime to 3a, we also write(a
b
)
3
=
(
a
(b)
)
3
,
and we have
(
a
b
)
3
=
(
b
a
)
3
if in addition a, b ≡ ±1 mod 3O.
Let B be any set of integral primes of K prime to f such that the Artin symbol
σb of b in K(f)/K runs over the Galois group Gal(K(f)/K) precisely once as b runs
over B. Then by [7, Proposition 5,5], we have
LS(ψtDα , 1)
ΩtDα
=
1
f
∑
b∈B
E∗1
(
ΩtDα
f
,LtDα
)σb
.
Now, we have ΩtDα =
Ωt
3
√
Dα
and E∗1 is homogeneous of degree −1. It follows that
for any α ∈ (Z/3Z)n, we have
LS(ψtDα , 1)
Ωt
=
1
f
∑
b∈B
(D2α)
σ
b
−1
6 E∗1
(
Ωt
f
,Lt
)σb
=
1
f
∑
b∈B
(
Dα
b
)
3
E∗1
(
Ωt
f
,Lt
)σb
.
Let C be a set of elements ofO prime toM such that c mod M runs over (O/MO)×
precisely once as c runs over C, and such that c ∈ C implies −c ∈ C. This is possible
because c ≡ −c modM if and only if c ≡ 0 mod D, which is absurd. We may now
set
B = {(3c+ ǫM) : c ∈ C},
where the sign ǫ ∈ {±1} of M is chosen so that ǫM ≡ 1 mod 3. In particular, we
have 3c+ ǫM ≡ 1 mod 3O for all c ∈ C. We define
V = {c ∈ C :
(p
b
)
3
= 1 for all p | D, where b ∈ B}.
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Now, for all p | D and b = (3c+ ǫM) ∈ B, we have(p
b
)
3
=
(
3c+ ǫM
p
)
3
(since both are congruent to ±1 mod 3O)
=
(
3c
p
)
3
(since p |M)
=
(
c
p
)
3
(since
(
1− ω
p
)
3
=
(
1− ω2
p
)
3
for ω =
−1 +√−3
2
)
Thus we see that if c ∈ V then −c ∈ V , as (−1)3 = −1 is always cubic residue. We
write r and s for the number of inert and split primes in the prime factorisation of
∆ = rad(D), respectively. In particular, n = r + s.
Lemma 2.1. The Artin symbols of b = (3c + ǫM) in Gal(K(f)/K) give a set of
representatives of the Galois group Gal
(
K(f)/K( 3
√
p1, . . . , 3
√
pn)
)
as c runs over V .
Therefore, 3r+2s+1−n | #(V ) if 2 | t, and 3r+2s−n | #(V ) if t = 1.
Proof. By the definition of the cubic residue symbol, we see that σb acts trivially
on 3
√
Dα for all α ∈ (Z/3Z)n if and only if
(
p
b
)
3
= 1 for all primes p | D, which
happens if and only if c ∈ V where c is such that b = (3c + ǫM). Thus the first
claim follows. Now,
#(Gal(K(f)/K)) = #
(
(O/MO))×
)
= 3e
∏
p|D inert
(p2 − 1)
∏
p′|D split
(p′ − 1)2,
where e = 1 if 2 | t and e = 0 if t = 1. It follows that ord3 (# (Gal(K(f)/K))) ≥
r + 2s+ e. Thus
ord3 (# (Gal (K(f)/K( 3
√
p1, . . . , 3
√
pn)))) ≥ r + 2s+ e − n,
as required. 
We consider the following sum of (usually imprimitive) Hecke L-functions:
ΦtD =
∑
α∈(Z/3Z)n
LS(ψtDα , 1)
Ωt
.
The subscript S will often be omitted from the notation whenever it is primitive.
We will now study the 3-adic valuation of this sum.
Theorem 2.2. We have
(1) ord3 (ΦtD) ≥ n− 1 if t = 1 and n = r.
(2) ord3 (ΦtD) ≥ n− 13 otherwise.
Proof. Note that ϕb : α 7→ (Dα
b
)
3
gives a 1-dimentional character of (Z/3Z)n.
Any 1-dimentional character is irreducible, and (Z/3Z)n is an abelian group. Thus
considering the inner product of ϕb and the trivial character id, we obtain
〈ϕb, id〉 = 1|(Z/3Z)n)|
∑
α∈(Z/3Z)n
ϕb(α)id(α) =
1
3n
∑
α∈(Z/3Z)n
(
Dα
b
)
3
=
{
1 if ϕb(α) = 1 for all α ∈ (Z/3Z)n
0 otherwise.
It follows that ∑
α∈(Z/3Z)n
ϕb(α) =
{
3n if c ∈ V
0 otherwise.
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Hence, we have
ΦtD =
1
f
∑
b∈B
 ∑
α∈(Z/3Z)n
(
Dα
b
)
3
 E∗1 (Ωtf ,Lt
)σb
=
3n
f
∑
c∈V
E∗1
(
Ωt
f
,Lt
)σb
.
Given an integral ideal a of K, we have
ψt(a) =
(
t
a
)
3
a,
where a is a generator of a satisfying a ≡ 1 mod 3 (see, for example, [18, Chapter
II, Example 10.6]). Thus using the fact that E∗1
(
Ωt
f ,Lt
)σb
= E∗1
(
ψt(b)Ωt
f ,Lt
)
(see
[7]), we obtain
ΦtD =
3n
f
∑
c∈V
(
t
b
)
3
E∗1
(
ǫΩt
3
+
cΩt
M
,Lt
)
.
Since ord3(f) = 1, it suffices to show
ord3
(∑
c∈V
(
t
b
)
3
E∗1
(
ǫΩt
3
+
cΩt
M
,Lt
))
≥
{
0 if t = 1 and n = r = 1
2
3 otherwise.
Define s2(Lt) = lims→0
s>0
∑
w∈Lt\{0} w
−2|w|−2s and A(Lt) = uv−uv2πi where (u, v) is
a basis of Lt over Z satisfying Im(v/u) > 0. We write ζ(z,Lt) for the Weierstrass
zeta function of Lt. Then by [7, Proposition 1.5], we have
E∗1 (z,Lt) = ζ(z,Lt)− zs2(Lt)− zA(Lt)−1.
Thus writing ω = −1+
√−3
2 , we have A(Lt) =
Ω2t (ω−ω)
2πi =
√
3Ω2t
2π , and we can see that
s2(Lt) = 0 on noting that ω stabilises Lt, which gives ω−2s2(Lt) = s2(Lt). Hence
E∗1 (z,Lt) = ζ(z,Lt)−
2πz√
3Ω2t
.
Recall also that for z1, z2 ∈ C, we have an addition formula:
ζ(z1 + z2,Lt) = ζ(z1,Lt) + ζ(z2,Lt) + 1
2
℘′(z1,Lt)− ℘′(z2,Lt)
℘(z1,Lt)− ℘(z2,Lt) .
Applying this with z1 =
ǫΩt
3 , z2 =
cΩt
M , we get
∑
c∈V
(
t
b
)
3
E∗1
(
cΩt
M
+
ǫΩt
3
,Lt
)
=
∑
c∈V
(
t
b
)
3
(
ζ
(
cΩt
M
+
ǫΩt
3
,Lt
)
−
(
cΩt
M
+
ǫΩt
3
)
2π√
3Ω2t
)
=
∑
c∈V
(
t
b
)
3
(
ǫζ
(
Ωt
3
,Lt
)
+ ζ
(
cΩt
M
,Lt
)
+
1
2
ǫ℘′(
Ωt
3 ,Lt) − ℘′(
cΩt
M
,Lt)
℘(
Ωt
3 ,Lt)− ℘(
cΩt
M
,Lt)
−
(
cΩt
M
+
ǫΩt
3
)
2π√
3Ω2t
)
=
∑
c∈V
(
t
b
)
3
(
1
2
ǫ℘′(
Ωt
3 ,Lt)
℘(
Ωt
3 ,Lt)− ℘(
cΩt
M
,Lt)
+ ǫζ
(
Ωt
3
,Lt
)
− ǫ 2π
3
√
3Ωt
)
.
Here, we used the key property that c ∈ V then −c ∈ V , ( 2
b
)
3
=
(
c
2
)
3
=
(−c
2
)
3
and that ζ and ℘′ are odd functions, whereas ℘ is an even function. Recall that Ω1
and L1 correspond to the equation y2 = 4x3 − 33. Thus by computation, we get
℘(Ω13 ,L1) = 3 and ℘′(Ω13 ,L1) = 9. Now, we can write Ωt = Ω13√t , so that ℘(
Ωt
3 ,Lt) =
( 3
√
t)2℘(Ω13 ,L1) = 3
3
√
t2. Furthermore, we have (x, y) = (℘(Ωt3 ,Lt), ℘′(Ωt3 ,Lt))
satisfying the equation for y2 = 4x3 − t233. It follows that for t = 2, we have
℘′(Ω23 ,L2) = 18. Similarly, for t = 4, we have ℘′(Ω43 ,L4) = 36.
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By applying formulae (3.2) and (3.3) of [19, p. 126], we obtain
(2.3) ζ(z + 1,O) = ζ(z,O) + 2π√
3
, ζ(z + ω,O) = ζ(z,O) + 2π√
3
ω.
Letting z = − 13 in (2.3) gives
ζ
(
2
3
,O
)
+ ζ
(
1
3
,O
)
=
2π√
3
.
But we have ζ (Ωtz,Lt) = 1Ωt ζ (z,O), so
(2.4) ζ
(
2Ωt
3
,Lt
)
+ ζ
(
Ωt
3
,Lt
)
=
2π√
3Ωt
.
On the other hand, we have
ζ(2z,Lt) = 2ζ(z,Lt) + ℘
′′(z,Lt)
2℘′(z,Lt) ,
and by differentiating the equation (℘′(z,Lt))2 = 4℘3(z,Lt)−t233, we get ℘′′(z,Lt) =
6℘2(z,Lt). Thus plugging in the values of ℘
(
Ωt
3 ,Lt
)
and ℘′
(
Ωt
3 ,Lt
)
, we obtain
(2.5) ζ
(
2Ωt
3
,Lt
)
− 2ζ
(
Ωt
3
,Lt
)
=
℘′′
(
Ωt
3 ,Lt
)
2℘′
(
Ωt
3 ,Lt
) = 6℘2 (Ωt3 ,Lt)
2℘′
(
Ωt
3 ,Lt
) = 3 3√t.
Now, solving (2.4) and (2.5) gives
ζ
(
Ωt
3
,Lt
)
=
2π
3
√
3Ωt
− 3
√
t.
Hence,∑
c∈V
(
t
b
)
3
E∗1
(
cΩt
M
+
Ωt
3
,Lt
)
=
∑
c∈V
(
t
b
)
3
(
1
2
ǫ℘′
(
Ωt
3 ,Lt
)
℘
(
Ωt
3 ,Lt
)− ℘ ( cΩtM ,Lt) − ǫ 3
√
t
)
=
3
√
t
(∑
c∈V
1
2
(
t
b
)
3
(
9ǫ
3− ℘ ( cΩ1M ,L1)
)
− ǫ
(
t
b
)
3
)
(2.6)
=

1
2
∑
c∈V
3ǫ
1−℘( cΩM ,L)
− ǫ#(V ) if t = 1
3
√
t
(
1
2
∑
c∈V
(
t
b
)
3
3ǫ
1−℘( cΩM ,L)
)
otherwise,
where Ω and L correspond to the equation y2 = 4x3 − 1, so that Ω1 = Ω√3 . Here,
we also used the fact that
∑
c∈V
(
t
b
)
3
= 0 if 2 | t, since
#
(
Gal(K(f)/K(
3
√
2, 3
√
p1, . . . , 3
√
pn))
)
=
#(V )
3
,
and thus there exists c ∈ V with ( t
b
)
3
=
(
c
t
)
3
6= 1. But we know from [9, Lemma
2.5] or [24, Lemma 3] that
ord3
(
1− ℘
(
cΩ
M
,L
))
= 1/3,
since (M, 3) = 1. The claim now follows on noting that, by Lemma 2.1, we always
have ord3(#(V )) ≥ 1 except when t = 1 and n = r. 
Given any character χ : (Z/3Z)n → C×, we define
(2.7) Φ
(χ)
tD =
∑
α∈(Z/3Z)n
χ(α)
LS(ψtDα , 1)
Ωt
.
Corollary 2.3. For any character χ : (Z/3Z)n → C×, we have
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(1) ord3
(
Φ
(χ)
tD
)
≥ n− 1 if t = 1 and n = r.
(2) ord3
(
Φ
(χ)
tD
)
≥ n− 13 otherwise.
Proof. For any i ∈ {1, . . . , n}, let δi = (0, . . . , 0, 1, 0, . . . , 0) ∈ (Z/3Z)n whose ith
coordinate is equal to 1 . Note that ϕ(χ,b) : α 7→ χ(α) (Dα
b
)
3
gives a 1-dimentional
character of (Z/3Z)n. Thus considering the inner product of ϕ(χ,b) and the trivial
character gives ∑
α∈(Z/3Z)n
ϕ(χ,b)(α) =
{
3n if c ∈ V (χ)
0 otherwise,
where V (χ) = {c ∈ C : (pi
b
)
= χ(δi)
2 for all i}. Suppose there is an element
c′ ∈ C such that (pic′ )3 = χ(δi)2 for all i. Then V (χ) = c′V , so that in particular
#(V (χ)) = #(V ). If no such c′ exists, then #(V (χ)) = 0. In either case, we
have ord3(#(V
(χ))) ≥ ord3(#(V )), and the rest of the proof is a straightforward
adaptation of the proof of Theorem 2.2. 
We are now ready to prove our first main result. Recall that given an integer m,
k(m) denotes the number of distinct prime factors dividing m in Z.
Theorem 2.4. Let D > 1 be any integer with k(D) = n and (D, 6) = 1. Let
εtD = 1 if t = 1 and D has a prime factor which is inert in K, and let εtD = 0
otherwise. Then
ord3
(
L(alg)(CtD, 1)
)
≥ n− εtD.
Proof. We will prove this by induction on n. Suppose first that n = 1, so that
D = p or p2. We have L(ψ1,1)Ω1 = L
(alg)(C1, 1) =
1
3 ,
L(ψ2,1)
Ω2
= L(alg)(C2, 1) =
1
2 and
L(ψ4,1)
Ω4
= L(alg)(C4, 1) = 1. In the case when p is inert, we have
Φtp =
LS(ψt, 1)
Ωt
+
LS(ψtp, 1)
Ωt
+
LS(ψtp2 , 1)
Ωt
=
(
1− ψt((p))
Np
)
L(ψt, 1)
Ωt
+
L(ψtp, 1)
Ωt
+
L(ψtp2 , 1)
Ωt
=
(
p2 + p
p2
)
L(ψt, 1)
Ωt
+
L(ψtp, 1)
Ωt
+
L(ψtp2 , 1)
Ωt
,
since we have
(
a
b
)
3
= 1 for any coprime integers a and b with (b, 3) = 1 (see,
for example, [10, Proposition 7.7]). If p is a split prime, say pO = (π)(π) with
π ≡ 1 mod 3O, then we have
Φtp =
(
π − ( tπ )3
π
)(
π − ( tπ )3
π
)
L(ψt, 1)
Ωt
+
L(ψtp, 1)
Ωt
+
L(ψtp2 , 1)
Ωt
.
Thus ord3
((
π−( tπ )3
π
)(
π−( tπ )3
π
))
≥ 12 + 12 = 1. If t = 1, then
(
t
π
)
3
= 1, so
ord3
((
π−1
π
) (
π−1
π
)) ≥ 1 + 1 = 2. Let χ be a character on Z/3Z sending 1 to ω.
Then
Φ
(χ)
tp − ω2Φtp = (1 − ω)
LS(ψt, 1)
Ωt
+ (ω − ω2)L(ψtp, 1)
Ωt
.
Then we have ord3
(
Φ
(χ)
tp − ω2Φtp
)
≥ 23 (1 − εtp) and ord3(1 − ω) = 12 , so
ord3
(
L(ψtp,1)
Ωt
)
≥ 16 − 23εtp. Since L(alg)(Ctp, 1) ∈ Q by [1] (in fact an integer
by [19] in our case), its 3-adic valuation must be an integer. Thus combining with
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Theorem 2.2, we obtain ord3
(
L(alg)(Ctp, 1)
) ≥ 1−εtp, as required. The same holds
for L(alg)(Ctp2 , 1).
Now assume n > 1. Given α, β ∈ (Z/3Z)n we write β < α if k(Dβ) < k(Dα).
ΦtD =
LS(ψt, 1)
Ωt
+
∑
β<α
LS(ψtDβ , 1)
Ωt
+
∑
α
L(ψtDα , 1)
Ωt
,
where the last summands are primitive. We know that
LS(ψt, 1)
Ωt
=
∏
p|D
inert
(
p2 + p
p
) ∏
p|D
pO=(π)(π)
(
π − ( tπ )3
π
)(
π − ( tπ )3
π
)
L(ψt, 1)
Ωt
and thus ord3
(
LS(ψt,1)
Ωt
)
≥ n− εtD (note again that
(
t
π
)
3
= 1 when t = 1). Next,
given β < α, we have
LS(ψtDβ , 1)
Ωt
=
∏
p|(Dα/Dβ)
inert
(
p2 + p
p
) ∏
p|(Dα/Dβ)
pO=(pi)(pi)

pi −
(
tDβ
pi
)
3
pi



pi −
(
tDβ
pi
)
3
pi

 L(ψtDβ , 1)
Ωt
.
By the induction hypothesis, we have ord3
(
L(ψtDβ
,1)
Ωt
)
= rβ+sβ+εtDβ−1, where
rβ and sβ denote the numbers of inert and split primes dividing Dβ, respectively.
It follows that
ord3
(
LS(ψtDβ , 1)
Ωt
)
= (r − rβ) + 1
2
(2s− 2sβ) + rβ + sβ − εtDβ
= r + s− εtDβ ≥ n− εtD.
Thus we have shown that ord3
(∑
α
L(ψtDα ,1)
Ωt
)
≥ n−εtD.We claim that this lower
bound applies to the individual summand, which proves the theorem. We will prove
this claim by applying another layer of induction.
Suppose D = pe11 · · · penn . Given a subset I ⊂ {1, . . . , n}, define
ΣI :=
∑
αi=ei
i∈I
L(ψtDα , 1)
Ωt
.
We claim that ord3
 ∑
αi=ei
i∈I
L(ψtDα ,1)
Ωt
 ≥ ord3(ΦtD) − 12 for any I. We will prove
this by induction on #(I). First, consider the case when #(I) = 1. Without loss
of generality, we may assume i = 1 and first suppose e1 = 1. Let χ be a character
of (Z/3Z)n sending δ1 to ω an δi to 1 for i 6= 1. Then we see that
ord3
(
(ω − ω2)
∑
α1=1
L(ψtDα , 1)
Ωt
)
≥ ord3
(
Φ
(χ)
tD − ω2ΦtD
)
.
Thus Corollary 2.3 gives ord3
(∑
α1=1
L(ψtDα ,1)
Ωt
)
≥ ord3(ΦtD) − 12 . Similarly, if
e1 = 2, we can show ord3
(∑
α1=2
L(ψtDα ,1)
Ωt
)
≥ ord3(ΦtD)− 12 .
Suppose now that the claim holds for any I ⊂ {1, . . . , n} with 1 ≤ #(I) ≤ k.
Then we consider the case when #(I) = k + 1, and without loss of generality, we
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may assume I = {1, . . . , k + 1}. By the induction hypothesis, ord3(Σ{1,...,k}) ≥
ord3(ΦtD)− 12 and ord3(Σ{2,...,k+1}) ≥ ord3(ΦtD)− 12 . Now,
Σ{1,...,k} − Σ{2,...k+1} =
∑
αi=eii∈{2,...k}
α1=e1,αk+1 6=ek+1
L(ψtDα , 1)
Ωt
−
∑
αi=eii∈{2,...k}
α1 6=e1,αk+1=ek+1
L(ψtDα , 1)
Ωt
= A−B,
say. Now, A+B+ΣI = Σ{2,...,k} so ord3(A+B+ΣI) ≥ ord3(ΦtD)− 12 . On the other
hand, Σ{1,...k} +Σ{2,...k+1} = A+B + 2ΣI so ord3(A+B+2ΣI) ≥ ord3(ΦtD)− 12 .
It follows that ord3(ΣI) ≥ ord3(ΦtD)− 12 , as required.
Hence applying the claim to I = {1, . . . , n}, we see that for any α ∈ (Z/3Z)n
with k(Dα) = n, we have
ord3
(
L(ψtDα , 1)
Ωt
)
≥ ord3(ΦtD)− 1
2
.
Since we know ord3
(
L(alg)(CtD, 1)
)
is an integer, it follows from Theorem 2.2 that
ord3(L
alg(CtD, 1))) ≥ n− εtD, as required. 
Remark 2.5. If k(D) = 1, t ∈ {2, 4} and D ≡ 2, 4, 5, 7 mod 9, the proof can be
shortened significantly, since by a root number consideration (see Corollary A.3),
one of the two primitive Hecke L-values vanishes in the sum Φtp. In particular,
there is no need to introduce (2.7).
3. The 3-descent and the integrality of SN
In this section, we give a 3-descent argument, and then discuss a consequence of
Theorem 1.3. Given any cube-free positive integer N (not necessarily prime to 3),
we write
EN : y
2z = x3 − 2433N2z3.
This is birationally equivalent to CN : x
3+ y3 = N , and over Q it is 3-isogenous to
E′N : y
2z = x3 + 24N2z3.
Theorem 3.1. Let CN : x
3 + y3 = N , where N > 1 is a cube-free integer. Then
the 3-part of the Tate–Shafarevich group X(CN )[3] of CN over Q satisfies
ord3 (# (X(CN )[3])) ≥ r(N)− t(N)− 1− rank(CN ),
where r(N) is the number of distinct primes dividing N which are inert in Q(
√−3),
t(N) = 1 if ord3(N) = 0 and N ≡ ±1 mod 9, t(N) = −1 if ord3(N) = 1 and
t(N) = 0 otherwise.
Proof. The isogeny φ : EN → E′N is explicitly given by
φ(x, y, z) = (3−2(x4 − 2633N2xz3), 3−3y(x3 + 2733N2z3), x3z)
and the kernel of φ is {(0, 1, 0), (0,±22(√−3)3N, 1)}.
Then the result of Satgé [17, Proposition 2.8] based on the work of Cassels [5]
gives us
dimF3(Sel(Q, EN [φ]))− dimF3(Sel(Q, E′N [φ̂])) = r(N)− t(N),
where φ̂ denotes the dual isogeny, and we regard the Selmer groups of φ and φ̂ as
vector spaces over the finite field F3 with 3 elements. Recall that we have an exact
sequence
0→ E′N (Q)/φ(EN (Q))→ Sel(Q, EN [φ])→ X(EN )[φ]→ 0.
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Now, we know that EN (Q)tor = 0, E
′
N (Q)tor = {(0, 1, 0), (0,±22N, 1)} ≃ Z/3Z.
Recall also that rank(EN ) = rank(E
′
N ) since they are isogeneous. The result now
follows from the exact sequence
0→X(EN )[φ]→X(EN )[3] φ−→X(E′N )[φ̂],
which shows that ord3 (# (X(EN )[3])) ≥ ord3 (# (X(EN )[φ])). 
Next, we discuss a corollary of Theorem 1.3. Recall that for N > 2,
SN = L
(alg)(CN , 1)∏
qbad cq
is defined so that if L(CN , 1) 6= 0, the Birch–Swinnerton-Dyer conjecture predicts
SN = #(X(CN )).
The Tamagawa number divisibility in Theorem 1.3, when combined with [14, The-
orem 1.1–Theorem 1.3], immediately gives the following.
Corollary 3.2. Let N > 2 be a cube-free positive integer with (N, 3) = 1. Then
(1) SN is a perfect square if N is a product of split primes.
(2) 2SN ∈ Z if N ≡ 2, 7 mod 9.
(3) SN ∈ Z otherwise.
Furthermore, we have the trace formula
SN = 1
3
∏
qbad cq
TrK(j(O3N ))/K
(
3
√
N
ΘK(Nω)
ΘK(ω)
)
where ΘK(z) =
∑
a,b∈Z e
2πiz(a2+b2−ab) is the theta function of weight one associated
to K, and K(j(O3N )) is the ring class field of the order O3N = Z+ 3NO.
Proof. In the case where N is a product of split primes, we have SN 6= 0 only if
N ≡ 1 mod 9 by Proposition A.2, and it follows from Theorem 1.3 and Lemma A.1
that 3SN ∈ Z. By [14, Theorem 1.2], we have SN = k232ℓ for some k, ℓ ∈ Z. If the
square of a rational number
(
k
3ℓ
)2
is an element of 13Z, it must be an element of Z,
and thus (1) follows. Part (2) and (3) follow from Theorem 1.3, Lemma A.1 and the
fact that L(alg)(CN , 1) ∈ Z shown in [19] or in Section 4 of this paper. Note that if
r(N) = t(N) = 1, we have SN = 0 since the global root number ǫ(CN/Q) = −1 by
Proposition A.2. Finally, the trace formula is given in [14, Theorem 1.3]. 
For a more detailed description of k and ℓ ∈ Z satisfying SN = k232ℓ in terms of
theta functions of weight 1/2, we refer to [14, Theorem 1.2].
4. The 2-adic valuation of the algebraic part of central L-values
Let N > 2 be a cube-free integer with (N, 3) = 1, and let CN : x
3 + y3 = N .
The aim of this section is to give another proof of the integrality result
L(alg)(CN , 1) ∈ Z
of Stephens [19] by directly studying the remaining 2-adic valuation of L(alg)(CN , 1).
The approach given here has the advantage that it gives us an insight into how the
L-values can be divisible by a large power of 2 for quadratic or sextic twists of the
curve y2 = x3 − 2433. Recall that ψN denotes the Grossencharacter of CN over
K. We write N = tD, where t ∈ {1, 2, 4}, 2 ∤ D and k(D) = n. Let EtD be given
by (2.1) as before. We write ΩtD for the real period introduced in (2.2), and let
LtD = ΩtDO denote its period lattice. Recall that the conductor of ψtD divides
f = fO, where f = rad(3tD). Let S be the set of primes of K dividing 3tD.
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Then again by [6, Proposition 48], we have Gal(K(CtD,f)/K) = Gal(K(f)/K) ≃
(O/MO)×, where M = rad(tD). We set C to be a set of elements of O prime to
M such that c mod M runs over (O/MO)× precisely once as c runs over C, and
such that c ∈ C implies −c ∈ C. Define
B = {3c+ ǫM : c ∈ C} if t = 1, and
B = {6c+ ǫM : c ∈ C} if 2 | t,
where the sign ǫ ∈ {±1} of M is again chosen so that ǫM ≡ 1 mod 3. Suppose
first that 2 | t. Then we have (O/MO)× ≃ (O/2O)× × (O/DO)×, and we take
σt ∈ Gal(K(f)/K) to be an element corresponding to a generator of (O/2O)×.
Then the Artin symbol σbσti in the extension K(f)/K runs over the Galois group
Gal(K(f)/K) precisely three times as b runs over B and i runs over {0, 1, 2}. Thus,
again by [7, Proposition 5.5], for any α ∈ (Z/3Z)n we have
3LS(ψtDα , 1)
ΩtDα
=
1
6D
2∑
i=0
∑
b∈B
E∗1
(
ΩtDα
6D
,LtDα
)σbσti
.
Similarly, if t = 1, we have
LS(ψDα , 1)
ΩDα
=
1
3D
∑
b∈B
E∗1
(
ΩDα
3D
,LDα
)σb
.
It follows that in both cases we have
ord2
(
LS(ψtDα , 1)
ΩtDα
)
≥ ord2
(
1
f
∑
b∈B
E∗1
(
ΩtDα
f
,LtDα
)σb)
.
Thus, if we can show ord2
(
1
f
∑
b∈B E∗1
(
ΩtDα
f ,LtDα
)σb) ≥ 0, then it follows that
ord2
(
L(alg)(CN , 1)
) ≥ 0. We define
V = {c ∈ C :
(p
b
)
3
= 1 for all p | D, where b ∈ B}.
Recall that
ΦtD =
∑
α∈(Z/3Z)n
LS(ψtDα , 1)
Ωt
.
Theorem 4.1. For any cube-free odd integer D > 1 prime to 3, we have
ord2 (ΦD) ≥ 0, ord2 (Φ2D) ≥ −2
3
and ord2 (Φ4D) ≥ −1
3
.
Proof. Note first that ord2(3ΦtD) = ord2(ΦtD). Following the methods of the proof
of Theorem 2.2, we obtain
ord2 (ΦtD) ≥ ord2
 1
f
∑
b∈B
 ∑
α∈(Z/3Z)n
(
Dα
b
)
3
 E∗1 (Ωtf ,Lt
)σb
= ord2
(
3n
f
∑
c∈V
E∗1
(
Ωt
f
,Lt
)σb)
,
because
∑
α∈(Z/3Z)n
(
Dα
b
)
3
= 3n if
(
p
b
)
3
= 1 for all p | D and∑α∈(Z/3Z)n (Dαb )3 = 0
otherwise. Since f = 3D or 6D according as t = 1 or t 6= 1, it suffices to show
ord2
(∑
c∈V
(
t
b
)
3
E∗1
(
ǫΩt
3
+
cΩt
D
,Lt
))
≥

0 if t = 1
1/3 if t = 2
2/3 if t = 4.
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Recall that Ωt =
Ω1
3
√
t
, and that E∗1 is homogeneous of degree −1. Since we still
have −c ∈ V whenever c ∈ V , (2.6) gives
∑
c∈V
(
t
b
)
3
E∗1
(
ǫΩt
3
+
cΩt
D
,Lt
)
=

1
2
∑
c∈V
9ǫ
3−℘( cΩ1D ,L)
− ǫ#(V ) if t = 1
3√t
2
∑
c∈V
(
t
b
)
3
(
9ǫ
3−℘( cΩ1D ,L1)
)
otherwise.
Recall that Ω1 and L1 correspond to the equation y2 = 4x3 − 33 with a Weier-
strass form A : Y 2 + Y = X3 − 7 with discriminant 39, so that in particular it is
minimal at the prime 2. We know ℘(Ω13 ,L1) = 3 and ℘′(Ω13 ,L1) = 9, and thus
3 − ℘ ( cΩ1D ,L1) = X(Q)−X(P ), where Q = (3, 4) is a point on A of order 3 and
P is a point of order D. We claim that ord2 (X(Q)−X(P ))) = 0. Indeed, since
A has good reduction at 2 and P is a torsion point of order prime to 2, we have
ord2(X(P )) ≥ 0. Suppose for a contradiction that ord2(X(Q)−X(P )) > 0. Then
we have X(Q˜) = X(D˜), where ˜ denotes reduction modulo 2. It follows that either
P −Q or P +Q lies in the reduction modulo 2 map, and thus it must correspond
to an element in the formal group of A at 2. But neither can be a torsion of order
a power of 2, since 3 and D are both prime to 2. Finally, ℘ is an even function, −1
is a cubic residue, and c ∈ V implies −c ∈ V . Therefore, we have
ord2
(∑
c∈V
(
t
b
)
3
9ǫ
3− ℘ ( cΩ1D ,L1)
)
≥ 1.
The result now follows on noting that ord2
(
3√t
2
)
= ord2(t)/3− 1. 
Recall that we defined
Φ
(χ)
tD =
∑
α∈(Z/3Z)n
χ(α)
LS(ψtDα , 1)
Ωt
for any character χ : (Z/3Z)n → C×. Then the arguments for Corollary 2.3 give
Corollary 4.2. For any cube-free odd integer D > 1 prime to 3 and for any
character χ : (Z/3Z)n → C×, we have
ord2
(
Φ
(χ)
D
)
≥ 0, ord2
(
Φ
(χ)
2D
)
≥ −2
3
and ord2
(
Φ
(χ)
4D
)
≥ −1
3
.
We are now ready to prove:
Theorem 4.3. For any cube-free integer N > 2 prime to 3, we have
ord2
(
L(alg)(CN , 1)
)
≥ 0.
In particular, L(alg)(CN , 1) is an integer.
Proof. We write N = tD where 2 ∤ D. We can again prove this by induction on the
number of distinct prime factors k(D) of D. First let k(D) = 1, so that D = p or
p2 for a prime p. Let χ be a character of Z/3Z taking 1 to ω. Then
Φ
(χ)
tp − ω2Φtp = (1 − ω)
LS(ψt, 1)
Ωt
+ (ω − ω2)L(ψtp, 1)
Ωt
,
where
LS(ψt, 1)
Ωt
=

(
p2+p
p2
)
L(ψt,1)
Ωt
if p is inert in K(
π−( tπ )3
π
)(
π−( tπ )3
π
)
L(ψt,1)
Ωt
if pO = (π)(π) splits in K.
16 YUKAKO KEZUKA
Recall that L(ψ1,1)Ω2 = L
(alg)(C1, 1) =
1
3 ,
L(ψ2,1)
Ω2
= L(alg)(C2, 1) =
1
2 and
L(ψ4,1)
Ω4
=
L(alg)(C4, 1) = 1. Note that in the case when t = 2 and p is split, we have(
2
π
)
3
=
(
π
2
)
3
≡ π 4−13 ≡ π mod 2, where in the first equality we used the fact
that 2 and π are congruent to ±1 mod 3O and the cubic reciprocity law. It follows
that ord2(π −
(
2
π
)
3
) = ord2(π −
(
2
π
)
3
) ≥ 1. Furthermore, ord2(1 − ω) = 0. Thus,
in all cases we have ord2
(
L(ψtp,1)
Ωt
)
≥ ord2(Φtp). Since L(alg)(Ctp, 1) ∈ Q, its 2-
adic valuation must be an integer. Thus combining with Theorem 4.1, we see that
ord2
(
L(alg)(Ctp, 1)
) ≥ 0, as required. The same holds for L(alg)(Ctp2 , 1). The rest
of the induction argument follows easily from the proof of Theorem 2.4. 
Remark 4.4. Once again, in the case when k(D) = 1, t ∈ {2, 4} and D ≡
2, 4, 5, 7 mod 9, the proof can be shortened significantly, since by a root number con-
sideration (see Corollary A.3), one of the two primitive Hecke L-values vanishes in
the sum Φtp.
Remark 4.5. Lemma A.1 shows that the product of Tamagawa numbers of CN
satisfies
ord2
∏
qbad
cq
 = { 1 if N ≡ 2, 7 mod 9
0 otherwise.
Assume L(alg)(CN , 1) 6= 0. Since we know by Cassels’ theorem [4] that the or-
der of X(CN ) is a perfect square when it is finite, Conjecture 1.1 predicts that
ord2
(
L(alg)(CN , 1)
)
is odd whenever N ≡ 2, 7 mod 9. Note that by Corollary 1.7,
we know that ord2(SN ) = ord2
(
L(alg)(CN ,1)∏
qbad cq
)
is even when N is a product of split
primes in K, but in this case we have SN 6= 0 only if N ≡ 1 mod 9.
Appendix A. Tamagawa number and root number computations
We will compute the Tamagawa numbers and the root number of the curve
CN : x
3 + y3 = N,
for a cube-free integer N > 1 with (N, 3) = 1. We will first compute the Tamagawa
numbers cq at the primes q of bad reduction for CN , so that q | 3N . The following
result is known from [22], but it is repeated here for the convenience of the reader.
Lemma A.1. Let N > 1 be a cube-free integer prime to 3. The Tamagawa numbers
of CN are given by c2 = 1,
c3 =

1 for CN when N ≡ 4, 5 mod 9
2 for CN when N ≡ 2, 7 mod 9
3 for CN when N ≡ 1, 8 mod 9
and for an odd prime p dividing N ,
cp =
{
1 if p ≡ 2 mod 3
3 if p ≡ 1 mod 3.
Proof. We follow Tate’s algorithm [20] and use the usual notation. We will first
work with the model y2 = x3 − 2433N2 for CN .
• Tamagawa factor cp: The type is IV if p2 ∤ N , IV∗ if p2 | N . If p ≡ 2 mod 3,
then
(
−3
p
)
= −1, and the equation T 2 + 33 has no roots in Fp. It follows
that cp = 1. If p ≡ 1 mod 3, then
(
−3
p
)
= 1, and the equation T 2 + 33 has
roots in Fp, thus cp = 3.
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• Tamagawa factor c3: We have 33 | a6 and P (T ) = T 3 − 24N2 has triple
roots in F3 since P
′(T ) = 3T 2 ≡ 0 mod 3. After the change of variables
x = X − 6 and y = Y , the triple root is equal to 0. The new equation is
Y 2 = X3−18X2+108X−2333(1+2N2). The equation T 2−−2333(1+2N2)34 ≡
T 2+1 mod 3 when N ≡ 4, 5 mod 9, and this has no roots in F3, thus c3 = 1.
The equation is congruent to T 2 + 2 mod 3 when N ≡ 1, 8 mod 9, and has
distinct roots in F3. Hence the type is IV
∗ and c3 = 3. This has a double
root when N ≡ 2, 7 mod 9, but 108/33 6≡ 0 mod 3, thus the type is III∗ and
c3 = 2 in this case.
• Tamagawa factor c2: If 2 ∤ N , then CN has good reduction at 2, so clearly
c2 = 1. Now assume N = 2
iD where i = 1 or 2 and 2 ∤ D. We will deal
with the cases i = 1 and i = 2 separately.
(Case i = 1) Making the change of variables x = X and y = Y + 3D,
we obtain the equation Y 2 + 6DY = X3 − 2232D2. Then a3 = 6D, a6 =
−2232D2 and 23 ∤ b6 = (6D)2+4a6, hence the type is IV. Now, T 2+3DT +
32D2 ≡ T 2 + T + 1 has no roots in F2, so c2 = 1.
(Case i = 2) Making the change of variables x = X and y = Y + 2, we
obtain the equation Y 2 + 4Y = X3 − 22(32D2 + 1). Now, the equation
T 2 + 422 T +
22(32D2+1)
24 ≡ T 2 + T + 1 mod 2 has no root in F2. Thus the
type is IV∗ and c2 = 1.

Now, we compute the root number of the curve CN . The global root number
ǫ(CN/Q) of CN is given by
ǫ(CN/Q) =
∏
q≤∞
ǫq(CN/Q)
= −
∏
q|3N
ǫq(CN/Q),
where ǫq(CN/Q) denotes the local root number at a prime q, and we always have
ǫ∞(CN/Q) = −1. We write N = tD with t ∈ {1, 2, 4} and (2, D) = 1, and let EtD
be as given by (2.1).
Proposition A.2. The local root numbers of CN are given by
ǫ∞(CN/Q) = −1,
ǫ2(CN/Q) =
{ −1 if 2 | N
+1 otherwise,
ǫ3(CN/Q) =
{ −1 if N ≡ 1, 8 mod 9
+1 otherwise,
and for any odd prime factor p of N ,
ǫp(CN/Q) =
(−3
p
)
.
Proof. The local root numbers at 2 and 3 can be obtained from [21, Lemma 4.1].
We have ǫ2(EtD/Q) = −1 if 2 | t or t = 1 and D2 ≡ 3 mod 4. But the latter case
does not happen. The claim on the local root number at 3 follows on noting that
ǫ3(ED/Q) = −1 if and only if −24D2 ≡ 2 or 4 mod 9, ǫ3(E2D/Q) = −1 if and only
if −D2 ≡ 2 or 4 mod 9 and ǫ3(E4D/Q) = −1 if and only if −22D2 ≡ 2 or 4 mod 9.
Since the discriminants of these curves have p-adic valuation equal to 4 or 8, we
know by a result of Rohrlich [13, Proposition 2] that ǫp(EtD/Q) =
(
−3
p
)
. 
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Corollary A.3. Let Dα = p
α1
1 · · · pαnn ≡ 2, 4, 5, 7 mod 9 be a cube-free product of
primes p1, . . . pn, where we may consider α = (α1, . . . αn) ∈ (Z/3Z)n. Then for
t ∈ {2, 4}, we have
ǫ(EtDα/Q) = −ǫ(EtD2α/Q).
In particular, we have at least one of L(EtDα/Q, s) and L(EtD2α/Q, s) vanishing
at s = 1.
Proof. This follows from Proposition A.2 on noting that a3 ≡ ±1 mod 9 for a ∈
{2, 4, 5, 7}. 
Appendix B. Numerical examples
Given a cube-free positive integer N with (N, 3) = 1, k(N) denotes the number
of distinct prime factors of N . We have k(N) = r(N)+s(N), where r(N) and s(N)
denote the number of distinct inert and split prime factors of N , respectively. The
following computations were obtained using Magma [2] and Sage [16], assuming the
generalised Riemann hypothesis whenever k(N) > 3. We give three tables, one for
each curve CN where N is of the form D, 2D or 4D and (D, 2) = 1. The numerical
data is ordered first by k(N) (which affects the 3-adic valuation of L(alg)(CN , 1) by
Theorem 2.4), then by r(N) (which affects the order of X(CN )[3] by Theorem 3.1)
and finally by the order of the prime factors.
N (r(N), s(N)) N mod 9 L(alg)(CN , 1) X(CN )[3]
192 (0, 1) 1 32 trivial
26832 (0, 1) 1 32 trivial
5 (1, 0) 5 1 trivial
52 (1, 0) 7 2 trivial
192 · 372 (0, 2) 1 33 trivial
7 · 53 (1, 1) 2 2 · 3 trivial
172 · 53 (2, 0) 1 33 (Z/3Z)2
172 · 532 (2, 0) 8 33 (Z/3Z)2
532 · 712 (2, 0) 1 33 (Z/3Z)2
72 · 1392 · 3792 (0, 3) 1 26 · 34 trivial
7 · 139 · 397 (0, 3) 1 34 trivial
72 · 1392 · 3972 (0, 3) 1 34 · 72 trivial
52 · 72 · 132 (1, 2) 7 2 · 32 trivial
112 · 29 · 47 (3, 0) 7 25 · 32 (Z/3Z)2
7 · 17 · 31 · 53 (2, 2) 1 33 trivial
5 · 11 · 17 · 53 (4, 0) 1 33 (Z/3Z)2
17 · 53 · 89 · 179 (4, 0) 1 35 (Z/3Z)4
52 · 72 · 112 · 132 · 23 (3, 2) 5 36 (Z/3Z)2
52 · 72 · 112 · 132 · 232 (3, 2) 7 27 · 34 (Z/3Z)2
5 · 17 · 23 · 29 · 41 (5, 0) 5 34 (Z/3Z)4
52 · 72 · 112 · 132 · 232 · 292 (4, 2) 1 35 (Z/3Z)2
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N (r(N), s(N)) N mod 9 L(alg)(CN , 1) X(CN )[3]
2 · 7 (1, 1) 5 3 trivial
2 · 72 · 132 (1, 2) 2 2 · 32 trivial
2 · 52 · 132 (2, 1) 8 22 · 32 trivial
2 · 5 · 109 (2, 1) 1 32 trivial
2 · 5 · 163 (2, 1) 1 32 trivial
2 · 5 · 181 (2, 1) 1 32 trivial
2 · 5 · 1657 (2, 1) 1 34 (Z/3Z)2
2 · 52 · 112 (3, 0) 2 2 · 32 (Z/3Z)2
2 · 5 · 569 (3, 0) 2 2 · 32 (Z/3Z)2
2 · 5 · 5692 (3, 0) 4 22 · 32 (Z/3Z)2
2 · 52 · 5692 (3, 0) 2 23 · 34 (Z/3Z)2
2 · 172 · 232 (3, 0) 5 24 · 32 (Z/3Z)2
2 · 7 · 139 · 379 (1, 3) 2 2 · 33 trivial
2 · 72 · 1392 · 3792 (1, 3) 2 2 · 33 trivial
2 · 7 · 17 · 23 (3, 1) 2 2 · 33 (Z/3Z)2
2 · 23 · 29 · 41 (4, 0) 1 22 · 33 (Z/3Z)2
2 · 13 · 19 · 37 · 43 (1, 4) 2 2 · 34 trivial
2 · 52 · 72 · 112 · 132 (3, 2) 2 2 · 36 (Z/3Z)2
2 · 17 · 23 · 29 · 53 (5, 0) 2 2 · 34 (Z/3Z)4
2 · 5 · 11 · 23 · 29 · 41 (6, 0) 1 35 (Z/3Z)4
2 · 52 · 72 · 112 · 132 · 172 · 232 (5, 2) 5 38 (Z/3Z)4
N (r(N), s(N)) N mod 9 L(alg)(CN , 1) X(CN )[3]
22 · 72 (1, 1) 7 2 · 3 trivial
22 · 52 (2, 0) 1 3 trivial
22 · 7 · 13 (1, 2) 4 32 trivial
22 · 37 · 73 (1, 2) 4 22 · 32 trivial
22 · 5 · 31 (2, 1) 8 32 trivial
22 · 52 · 112 (3, 0) 4 34 (Z/3Z)2
22 · 5 · 892 (3, 0) 2 25 · 32 (Z/3Z)2
22 · 52 · 1372 (3, 0) 4 36 (Z/3Z)2
22 · 47 · 191 (3, 0) 7 2 · 32 (Z/3Z)2
22 · 72 · 192 · 372 (1, 3) 7 25 · 33 trivial
22 · 11 · 31 · 43 (2, 2) 8 33 trivial
22 · 52 · 132 · 172 (3, 1) 7 25 · 33 (Z/3Z)2
22 · 52 · 11 · 23 (4, 0) 1 33 (Z/3Z)2
22 · 7 · 13 · 19 · 31 (1, 4) 7 2 · 34 trivial
22 · 7 · 11 · 17 · 53 (3, 2) 4 34 (Z/3Z)2
22 · 52 · 72 · 11 · 172 (4, 1) 8 34 (Z/3Z)2
22 · 5 · 11 · 172 · 41 (5, 0) 2 2 · 34 (Z/3Z)4
22 · 52 · 72 · 112 · 132 · 232 (4, 2) 1 37 (Z/3Z)2
22 · 5 · 11 · 17 · 23 · 41 (6, 0) 8 35 (Z/3Z)4
22 · 5 · 17 · 23 · 29 · 41 (6, 0) 8 35 (Z/3Z)4
22 · 52 · 72 · 112 · 132 · 172 · 292 (5, 2) 7 2 · 38 (Z/3Z)4
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